Abstract. A deep conjecture on torsion anomalous varieties states that if V is a weak-transverse variety in an abelian variety, then the complement V ta of all V -torsion anomalous varieties is open and dense in V . We prove some cases of this conjecture. First this holds for a weak-transverse translate in an abelian variety. With a totally effective method, we prove that the V -torsion anomalous varieties of relative codimension one are non-dense in any weaktransverse variety V embedded in a product of elliptic curves with CM. As an immediate consequence we prove the conjecture for V of codimension 2 in a product of CM elliptic curves. We also point out some implications on the effective Mordell-Lang Conjecture and how the method generalises to abelian varieties.
Introduction
In this article, by variety we mean an algebraic variety defined over the algebraic numbers. We denote by G a semi-abelian variety defined over a number field k and by k tor the field of definition of the torsion points of G. Let V be a subvariety of G. The variety V is a translate, respectively a torsion variety, if it is a finite union of translates of proper algebraic subgroups by points, respectively by torsion points.
An irreducible variety V is transverse, respectively weak-transverse, if it is not contained in any translate, respectively in any torsion variety.
Of course a torsion variety is in particular a translate, and a transverse variety is weak-transverse. In addition transverse implies non-translate, and weak-transverse implies non-torsion.
Notice that we are considering only proper subvarieties.
It is a natural problem to investigate when a geometric assumption on V is equivalent to the non-density of some special subsets of V . Several classical statements, such as, for instance, the Manin-Mumford, the Mordell-Lang and the Bogomolov Conjectures-nowadays theorems, are all of this nature.
More recently, new questions of similar type have been raised. The Zilber-Pink Conjecture asserts that, for a transverse variety V , the intersection of V with the union of all algebraic subgroups of codimension at least dim V + 1 translated by points in a subgroup of finite rank, is non-dense in V .
This conjecture has been tackled from several points of view, but it has only been answered partially. For instance it is known for curves in some semi-abelian varieties.
E. Bombieri, D. Masser and U. Zannier in [BMZ07] give a new approach for general dimensions. They introduce the notions of anomalous and torsion anomalous subvarieties. In their definitions they always avoid points. For us points can be torsion anomalous, but not anomalous. This gives a perfect match with the CIT conjecture, as clarified below.
An irreducible subvariety Y of V is a V -torsion anomalous variety if -Y is an irreducible component of V ∩ (B + ζ) with B + ζ an irreducible torsion variety; -the dimension of Y is larger than expected, i.e. codim Y < codim V + codim B.
The variety B + ζ is minimal for Y if it satisfies the above conditions and has minimal dimension. The relative codimension of Y is the codimension of Y in its minimal B + ζ.
We say that Y is a maximal V -torsion anomalous variety if it is V -torsion anomalous and it is not contained in any V -torsion anomalous variety of strictly larger dimension.
The complement in V of the union of all V -torsion anomalous varieties is denoted by V ta . Clearly V ta is obtained removing from V all maximal V -torsion anomalous varieties. Again, for Bombieri, Masser and Zannier V ta is the complement of the union of all V -torsion anomalous varieties of positive dimension.
Furthermore, an irreducible variety Y of positive dimension is V -anomalous if it is a component of V ∩ (B + p) with B + p an irreducible translate and in addition Y has dimension larger than expected. The complement in V of the union of all V -anomalous varieties is denoted by V oa . Clearly points should be excluded from the definition of V -anomalous varieties because otherwise all points would be anomalous, making the notion uninteresting. On the other hand we allow points to be torsion anomalous varieties: they are exactly the torsion anomalous varieties which are not anomalous.
It may be possible that only some components of V ∩ (B + ζ) are anomalous, so each component has to be treated separately. This justifies the assumption of Y being irreducible.
In the Torsion Openness Conjecture [BMZ07] , Bombieri, Masser and Zannier conjectured that the complement of the set of the torsion anomalous varieties of positive dimension is open. In addition, in the Torsion Finiteness Conjecture, they claim that there are only finitely many maximal torsion anomalous points. Here we state a slightly stronger conjecture, which includes both their conjectures. In addition, it specifies that V ta is empty exactly when V is not weak-transverse. In other words we say that there are only finitely many maximal torsion anomalous varieties of any dimension.
Conjecture 1 (Bombieri-Masser-Zannier). Let V be a weak-transverse variety in a (semi-)abelian variety. Then V ta is a dense open subset of V .
For a hypersurface the conjecture is clearly true. Indeed the intersection of an irreducible torsion variety B + ζ with a hypersurface is either the variety B + ζ itself or it has the right dimension dim B − 1. So the only V -torsion anomalous varieties are torsion varieties contained in V ; but we know by the Manin-Mumford Conjecture that the maximal torsion varieties contained in V are finitely many.
Among other results, Bombieri, Masser and Zannier in [BMZ07] , Theorem 1.7, prove the openness of V ta for an irreducible variety V of codimension 2 in G n m . Among the main ingredients in their proof is a result of Ax consisting in the analogue of Schanuel's Conjecture in fields of complex power series in several variables.
In this paper, we first prove Conjecture 1 for weak-transverse translates in a general abelian variety. Then we give a totally effective method which shows that in any weak-transverse variety V in a product of elliptic curves with CM, the V -torsion anomalous varieties of relative codimension one are non-dense. An immediate consequence is Conjecture 1 for weak-transverse varieties of codimension 2, proving the analogue of Theorem 1.7 of [BMZ07] in a product of CM elliptic curves. Our method differs from theirs; in particular it is completely effective, and we also avoid the use of Ax's theorem. An intrinsic consequence of our effective bounds on the height is the effective CIT (stated below) for weak-transverse varieties of codimension 2 in a product of elliptic curves with CM. Finally we point out some implications on the effective Mordell-Lang Conjecture. We also show how the method for elliptic curves generalises to abelian varieties.
The following first result, based only on some geometric considerations, is proved in Section 3.4. Theorem 1.1. Let H + p be a weak-transverse translate in an abelian variety. Then the set of (H + p)-torsion anomalous varieties is empty.
This clarifies the situation and brings some simplifications in the proof of our main result: Theorem 1.2. Let V be a weak-transverse variety in a product of elliptic curves with CM defined over a number field k. Then the maximal V -torsion anomalous varieties Y of relative codimension one are finitely many; in addition their degree and normalised height are effectively bounded as
These are only some of the bounds we obtain. The method is totally effective, and we give explicit dependence on V . The notations will be made precise in the next sections.
In addition we bound the degree of the torsion varieties B + ζ minimal for the maximal V -torsion anomalous that we consider; these bounds provide, in principle, an algorithm to find all such anomalous varieties. The effective statements require some further notation and they are given in Theorem 5.1 for maximal torsion anomalous varieties which are not translates, in Theorems 6.1 and 6.2 for maximal torsion anomalous points and in Theorems 7.3 and 7.5 for maximal torsion anomalous translates of positive dimension.
The proof of our main theorem has four main ingredients: the deep Zhang inequality, the strong explicit Arithmetic Bézout theorem by Philippon, a sharper variant of an effective result by Galateau on the Bogomolov Conjecture, and the relative Lehmer bound in CM abelian varieties by Carrizosa.
In the proofs we need to distinguish whether a V -torsion anomalous variety Y is or not itself a translate.
If Y is not a translate then the Zhang inequality, the explicit Arithmetic Bézout theorem, and a functorial version of the effective Bogomolov Conjecture are sufficient. This case is proved in a product of elliptic curves, as the Bogomolov type bounds do not require any assumption on complex multiplication.
If Y is a point we use the Zhang inequality, the explicit Arithmetic Bézout theorem and the relative Lehmer bound; here we need to assume that the elliptic curve has CM, as a sharp Lehmer type bound is known only under this hypothesis.
Finally, we reduce the case of translates of positive dimension to the case of points. To this aim we also use a result recalled in the appendix by Patrice Philippon, which relates the essential minimum of a translate to the height of the point of translation. Theorem 1.2 can be easily generalised to abelian varieties, in the following sense.
Theorem 1.3. Let V be a weak-transverse variety in an abelian variety A with CM. Let g be the maximal dimension of a simple factor of A. If codim V ≥ g + 1, then the maximal V -torsion anomalous varieties of relative codimension 1 are finitely many and they have degree and normalised height effectively bounded.
For clarity, we first present the proof of Theorem 1.2, where the technicalities are simpler to follow. We then explain how this generalises to abelian varieties in Section 8.
We notice that the most interesting case remains the case of elliptic curves, in the sense that there is the largest number of subgroups. A breaking-through result would be the proof of Theorem 1.2 for any relative codimension with an effective method. Such a general result would imply the effective Mordell-Lang Conjecture.
We now give several consequences and applications of our main theorem. By definition all V -torsion anomalous varieties satisfy a dimensional inequality. As a straightforward consequence, we see that in a variety V of codimension 2 the relative codimension of a V -torsion anomalous variety is either one or zero. Then, from Theorem 1.2, it follows immediately the following: Theorem 1.4. Let V be a weak-transverse variety of codimension 2 in a product of elliptic curves with CM. Then V ta is a dense open subset of V .
Proof. It is sufficient to consider maximal V -torsion anomalous varieties. Let Y be a maximal V -torsion anomalous component of V ∩ (B + ζ). Then, by definition of V -torsion anomalous variety,
If Y has relative codimension zero, then Y = B+ζ and Y is a component of the closure of the torsion contained in V , which is a proper closed by the Manin-Mumford Conjecture. If Y has relative codimension one, we apply our main theorem.
Conjecture 1 is well known to be related to the following conjecture, which in turn is equivalent to the Zilber-Pink Conjecture. For a natural number r, define
where H runs over all algebraic subgroups of codimension at least r.
Conjecture 2 (CIT, Conjecture on the Intersection with Torsion varieties). Let V be a weak-transverse variety in an abelian variety. Then
By definition, for any torsion variety B + ζ, the intersection V ta ∩ (B + ζ) has the right dimension. In particular, if a point of V lies in some algebraic subgroup of codimension ≥ dim V + 1, then that point is contained in a V -torsion anomalous variety (we would expect empty intersection), and so it does not belong to V ta . Then, as a consequence of the effective version of Theorems 1.1 and 1.4, we obtain a completely effective version of the following theorem. Theorem 1.5. Let V be a weak-transverse variety of codimension 2 or a weaktransverse translate in a product of elliptic curves with CM. Then S dim V +1 (V ) is non-dense in V and its closure is V \ V ta .
Proof. If codim (B + ζ) ≥ dim V + 1, then all components of V ∩ (B + ζ) are torsion anomalous so they do not intersect V ta . Therefore
By Theorems 1.1 and 1.4, V ta is an open dense set in V . That the closure of S dim V +1 (V ) is V \ V ta is proven exactly as in [BMZ07] , page 25, for tori. Recall that for them points are not torsion anomalous varieties.
As an immediate corollary we obtain: Corollary 1.6. Let C be a weak-transverse curve in E 3 where E is an elliptic curve with CM defined over a number field k. Then
is a finite set of cardinality and Néron-Tate height effectively bounded. In particular every non-torsion point
That S 2 (C) is a finite set is known for weak-transverse curves in tori ([Mau08], Theorem 1.2) and in any product of elliptic curves (see [Via08] ). That the height is bounded is proved using the Vojta inequality in a non-effective way. Effective bounds for the height of S 2 (C) are given for weak-transverse curves in tori in [BHMZ10] , using an effective Mordell-Lang Theorem, and in abelian varieties only for transverse curves in a product of elliptic curves in [Via03] . So this corollary is a first example of an effective bound for the height for a weak-transverse curve in abelian varieties.
In higher dimensions, the Bounded Height Conjecture proved by Habegger ([Hab09] , theorem at page 407), together with the Effective Bogomolov Bound by Galateau ([Gal10] , Theorem 1.1) and the non-density Theorem by Viada ([Via10] , Theorem 1.6) imply the CIT for varieties with V ta non empty embedded in certain abelian varieties which include all CM abelian varieties. The original formulation of the Bounded Height Theorem in [Hab08] did not contain an explicit height bound and the author did not discuss the effectivity of the result (however, in a forthcoming paper, Habegger provides an explicit version of the Bounded Height Theorem for tori). Even if the method is made effective, the assumption V ta = ∅ is stronger than transversality. In this respect, ours is a new effective method in the context of the CIT for weak-transverse varieties.
Many are the contributions on the CIT of several authors. For a more extensive list, we refer to the references given in the papers mentioned above.
In the last part of the paper we generalise our method, obtaining an effective weak result for curves, related to the CIT. Theorem 9.1 gives a complete effective version of the following result. Theorem 1.7. Let C be a weak-transverse curve in E N , where E is an elliptic curve with CM defined over a number field k. Then,
is a finite set of cardinality and Néron-Tate height effectively bounded. Here H ranges over all algebraic subgroups of codimension larger than their dimension. In particular every non-torsion point
In the following section we emphasise the implications of these theorems on the effective and quantitative Mordell-Lang Conjecture.
2. Applications to the Mordell-Lang Conjecture 2.1. Applications to the effective Mordell-Lang Conjecture. The CIT is well known to have implications on the Mordell-Lang Conjecture. The toric case of this conjecture has been extensively studied, also in its effective form, by many authors. A completely effective version in the toric case can be found in [BG06] , Theorem 5.4.5, and generalisations in [BGEP09] . However an effective general result in abelian varieties is not known.
Since we prove an effective version of Theorem 1.2, we obtain the following effective cases of the Mordell-Lang Conjecture for curves in products of elliptic curves with CM, where effective means that we give a bound for the height of the set of points in C and in a group of finite rank Γ; the dependence on C and Γ is completely explicit. The assumption on the relative codimension gives a condition on the rank of Γ.
This method is completely different from the two classical effective methods known in abelian varieties. The method by Chabauty and Coleman, surveyed, for example, in [PM10] , gives a Mordell-Lang statement for a curve in its Jacobian and Γ of rank less than the genus; it involves a Selmer group calculation and smart computations with the Jacobian of the curve, and it can be made effective in some particular cases (see [McC94] ). The method by Manin and Demjanenko, described in Chapter 5.2 of [Ser89] , gives an effective Mordell theorem for curves with many independent morphisms to an abelian variety. As remarked by Serre, the method remains of difficult application.
Let E be an elliptic curve defined over the algebraic numbers. We letĥ be the standard Néron-Tate height on E N ; if V is a subvariety of E N , we shall denote by h(V ) the normalized height of V , as defined in [Phi91] . The height of a set is as usual the supremum of the heights of its points. If E is defined over a field k, we denote by k tor the field of definition of all torsion points of E. All the constants in the following theorems become explicit if the constant for the Lehmer type bound of Carrizosa in [Car09] is made explicit.
Theorem 2.1. Let C be a weak-transverse curve in E N , with E a CM elliptic curve and N > 2. Let k be a field of definition for E. Let Γ be a subgroup of E N such that the group generated by its coordinates is an End(E)-module of rank one. Then, for any positive η, there exists a constant c 1 , depending only on E N and η, such that the set C ∩ Γ has Néron-Tate height bounded aŝ
Proof. Let g be a generator of Γ, the group generated by all coordinates of any element in Γ. If a point x = (x 1 , . . . , x N ) is in Γ then there exist 0 = a i , b i ∈ End(E) and torsion points ζ i ∈ E such that
If all b i = 0 then x is a torsion point, thus it has height zero. We can suppose, for instance, that b 1 = 0. So g depends on x 1 . Substituting this dependence in the last N − 1 equations, we obtain a system of N − 1 linearly independent equations in the variables x 1 , . . . , x N given by
for H ranging over all algebraic subgroup of dimension one. However, if N > 2, any point x in the intersection C ∩ H is a C-torsion anomalous point. In addition, as C is weak-transverse, each such C-torsion anomalous point is maximal. If x is not a torsion point then H is minimal for x, because H has dimension one. Thus the relative codimension of x in H is one. Applying Theorem 6.1 we deduce the bound.
If N = 2, the intersection C ∩ H is not torsion anomalous, so we must follow another line. For this reason, we need the assumption of C being transverse.
Theorem 2.2. Let C be a transverse curve in E 2 with E a CM elliptic curve defined over a number field k. Let Γ be a subgroup of E 2 such that the group of its coordinates is an End(E)-module of rank one, generated by g. Then, for any positive η there exists a constant c 2 depending only on E N and η, such that the set
Proof. Let g be a generator of Γ, the group generated by all coordinates of any element in Γ. Consider the curve C ′ = C × g in E 3 . Since C is transverse then C ′ is weak-transverse. If a point (x 1 , x 2 ) is in Γ then there exist 0 = a i , b i ∈ End(E) and torsion points ζ i such that
Thus the point (x 1 , x 2 , g) belongs to the intersection C ′ ∩ H with H the torsion variety of codimension 2 in E 3 defined by the equations
However any point x in the intersection C ′ ∩ H is a maximal C ′ -torsion anomalous point. If x is not a torsion point, then it has relative codimension one in H.
We apply Theorem 6.1 to
by Zhang's inequality, recalled in Section 4.3 below. This gives the bound for the height of a point in C ∩ Γ.
The assumptions on the curve are necessary in both theorems. Indeed for a weak-transverse curve C in E 2 the above theorem is not true. Consider the weaktransverse curve C = E × g; for any positive integer m, let Γ m be generated by the point γ m = (mg, g). For any m, the point γ m belongs to C and, for m which goes to infinity, the height of γ m tends to infinity. Thus there cannot be general bounds independent of Γ. This does not happen in higher codimension. The analogue would be C = E ×g ×g ′ where g and g ′ are linearly independent to ensure the weak-transversality. No point of C can be in Γ, as no point of the type (x, g, g ′ ) has coordinates in Γ, which has rank one.
We also remark that for C weak-transverse, C × g is not necessarily weaktransverse: let C = E × g, then E × g × g is contained in the abelian subvariety
With this method, the bound in the case N = 2 depends on g. It is possible to remove such a dependence. However one has to prove that for a transverse curve C, the set C ∩ ∪ dim H=1 H has bounded height. This is proved in [Via03] Theorem 1. The proof is effective, but not explicit in the dependence on C and on E. The dependence on C is given comparing the height function relative to a point with the height function relative to the intersections of C ∩ ∆ − where ∆ − is the divisor defined by x 1 = −x 2 . We use [Via03] to deduce another effective case of the Mordell-Lang Conjecture.
Theorem 2.3. Let C be a transverse curve in E N with E an elliptic curve defined over a number field. Let Γ be a subgroup of E N such that the group of its coordinates is an End(E)-module of rank at most N − 1. Then the set C ∩ Γ is finite of Néron-Tate height bounded by a constant c(C, E N ) depending on C and
Proof. The proof follows the same idea as the proof of Theorem 2.1. Let g 1 , . . . , g N −1 be generators of Γ, the group generated by all the coordinates of any element in Γ.
If a point (x 1 , . . . , x N ) is in Γ then there exist a i ∈ End(E), an N × (N − 1) matrix B with coefficients in End(E) and a torsion point ζ ∈ E N such that
Explicitating (g 1 , . . . , g N −1 ) in terms of x 1 , . . . , x N −1 from the first N − 1 equations and substituting in the last equation, we obtain one equation in the variables
where ζ ′ ∈ E is a torsion point and a ′ i ∈ End(E). This equation defines a torsion variety H of codimension one in E N . Thus,
for H ranging over all algebraic subgroups of codimension at least one. By [Via03] Theorem 1, this set has height bounded by an effective constant depending only on E N and C.
At this point we want to extend our main theorem, at least in the case of curves, to see if with our method we could prove other cases of the Mordell-Lang Conjecture. Theorem 1.7 enables us to obtain a more general version of Theorem 2.1 for C weaktransverse and larger rank of Γ. We also obtain a theorem similar to Theorem 2.3, with explicit dependence on C.
Theorem 2.4. Let C be a weak-transverse curve in E N with E an elliptic curve with CM. Let k be a field of definition for E. Let Γ be a subgroup of E N such that the group of its coordinates is an End(E)-module of rank t < N/2. Then, for any positive η, there exists a constant c 3 depending only on E N and η, such that the set
has Néron-Tate height bounded aŝ
Proof. Let g 1 , . . . , g t be generators of the free part of Γ, the group generated by all coordinates of any element in Γ. If a point (x 1 , . . . , x N ) is in Γ then there exist 0 = a i ∈ End(E), an N × t matrix B with coefficients in End(E) and a torsion point ζ ∈ E N such that
If the rank of B is zero, then x is a torsion point and so it has height zero. If B has positive rank m, we can choose m equations of the system corresponding to m linearly independent rows of B. We use these equations to write the g j in terms of the x i and we substitute these expressions in the remaining equations.
We obtain a system of maximal rank with N − m ≥ N − t linearly independent equations in the variables x 1 , . . . , x N :
where ζ ′ i ∈ E are torsion points and a ′ ij ∈ End(E). These equations define a torsion variety
for H ranging over all algebraic subgroups of codimension at least N − t.
Applying Corollary 9.2 with r = N − t gives the wished bound for the height of C ∩ Γ.
We notice that Theorems 2.1 and 2.4 are proved for weak-transverse curves, while previous effective results assumed transversality. If we assume the transversality of C we can relax the hypothesis on the rank of Γ.
Theorem 2.5. Let C be a transverse curve in E N with E a CM elliptic curve defined over k. Let Γ be a subgroup of E N such that the free part of the group of its coordinates is an End(E)-module of rank t ≤ N − 1, generated by g 1 , . . . , g t . Then, for any positive η there exists a constant c 4 depending only on E N and η, such that the set C ∩ Γ has Néron-Tate height bounded aŝ
where g = (g 1 , . . . , g t ).
Proof. Consider the curve
Thus the point (x 1 , . . . x N , g 1 , . . . , g t ) belongs to the intersection C ′ ∩ H with H the torsion variety of codimension N and dimension t in E N +t defined by the equations
The bound for the height is then given by Corollary 9.2 applied to 
where Tor E N is the set of all torsion points of E N . Our method enables us to give a sharp bound for the number of non torsion points in C ∩ Γ for C weak-transverse in E N , which, together with the just mentioned bounds for the torsion, improves in some cases the bounds of Rémond. Notice that below we use the rank t of Γ, the End(E)-module of the coordinates of Γ. To compare with Rémond's result, we can use the trivial relation r < 2N t and t < N r.
The following theorem is obtained combining the results from Section 2.1 with bounds from Theorems 6.2 and Corollary 9.2. Theorem 2.6. Let C be a curve in E N , where E has CM and is defined over a number field k. Let Γ be a subgroup of E N such that the group Γ of its coordinates is an End(E)-module of rank t. Let S be the number of non-torsion points in the intersection C ∩ Γ. Then, for every positive real η there exist constants d 1 , d 2 , d 3 , d 4 depending only on E N and η, such that:
i. if C is weak-transverse in E N , N > 2 and t = 1, we have
ii. if C is transverse in E 2 and t = 1, we have
where g is a generator of Γ; iii. if C is weak-transverse in E N and t < N/2, we have
iv. if C is transverse in E N and t ≤ N − 1, we have
where Γ is generated by g 1 , . . . , g t and g = (g 1 , . . . , g t ).
Proof. Cases (i) and (ii) follow from the proofs of Theorem 2.1 and Theorem 2.2, respectively, together with the bounds from Theorem 6.2. Cases (iii) and (iv) follow from the proofs of Theorem 2.4 and Theorem 2.5, respectively, together with the bounds from Corollary 9.2.
Torsion anomalous varieties: preliminary results
In this section we denote by G an abelian variety or a torus and by Tor G the set of all torsion points in G. In the next statements we consider subvarieties V of G.
3.1. Maximality and minimality. To show that the set of all V -torsion anomalous varieties is non-dense, we only need to consider maximal ones. We recall from the introduction the following definition.
Definition 3.1. We say that a V -torsion anomalous variety Y is maximal if it is not contained in any V -torsion anomalous variety of strictly larger dimension.
On the other hand, a variety Y can be a component of the intersection of V with different torsion varieties. We want to choose the minimal torsion variety which makes Y anomalous. Then, we have the following lemma.
Lemma 3.4. Let Y be a maximal V -torsion anomalous variety and let B + ζ be minimal for Y . Then Y is weak-transverse in B + ζ.
Proof. Assume that Y is not weak-transverse in B + ζ, then it is contained in an irreducible torsion subvariety
which contradicts the minimality of (B + ζ).
Torsion anomalous varieties as components of different intersections.
In the next lemma we prove that every V -torsion anomalous variety which is a component of V ∩ (B + ζ), is also a component of any intersection
Lemma 3.5. Let Y be a maximal V -torsion anomalous variety, and let
If the inequality is strict then X is anomalous and by the maximality of Y we get Y = X.
Otherwise, since by assumption codim
but Y ⊆ X, so the opposite inequality also holds. This implies codim X = codim Y . Therefore both varieties are irreducible, so Y = X and Y is a component of V ∩ (A + ζ).
3.4.
No torsion anomalous varieties on a weak-transverse translate. The simple choice of maximal and minimal varieties and the group structure allow us to prove Conjecture 1 for weak-transverse translates.
Proof of Theorem 1.1 . Let Y be an (H +p)-torsion anomalous variety and let B+ζ be minimal for Y . Then Y is a component of (H + p) ∩ (B + ζ) and
Remark that whenever (
where the last inequality is obtained from the fact that Y is V -torsion anomalous. Therefore H + B is a proper algebraic subgroup of the ambient variety. Since
3.5. Finitely many maximal V -torsion anomalous varieties in B+Tor G . Let V be a weak-transverse variety in G. Let us fix an irreducible torsion subvariety B of G; we end this section by showing the finiteness of the maximal V -torsion anomalous varieties in V ∩ (B + Tor G ) for which B + ζ is minimal, for some torsion point ζ. This result implies the finiteness of the maximal V -torsion anomalous, if one can uniformly bound the degree of the corresponding minimal torsion variety B + ζ.
We fist prove that the maximal V -torsion anomalous components in B + Tor G are non-dense.
Lemma 3.6. Let V be a weak-transverse variety in G. Let B be an abelian subvariety of G. Then the set of V -torsion anomalous varieties in
Proof. Suppose that there exists a dense subset of maximal V -torsion anomalous varieties which are components of V ∩ (B + ζ), for ζ ranging over all torsion points of G. By the box principle, there exists a dense subset of d-dimensional V -torsion anomalous varieties Y i ⊆ V ∩ (B + ζ i ), for ζ i torsion points, where d is the maximal integer having this property.
Consider the natural projection π B : G → G/B. As the Y i are dense and project to torsion points, the dimensional formula tells us that
Note that V is not V -torsion anomalous, because V is weak-transverse, thus dim Y i < dim V and dim π B (V ) is at least one. However the Y i are anomalous therefore
We deduce that dim π B (V ) < codim B = dim G/B. This shows that π B |V is not surjective on G/B. Since V is weak-transverse, also π B (V ) is weak-transverse in A/B. Notice that the image via π of any V -torsion anomalous component in B + Tor G is a torsion point. By the Manin-Mumford Conjecture the closure of the torsion of π B (V ) is non-dense, thus also its preimage is non-dense in V . This contradicts the density of the Y i .
An application of this same result actually shows the finiteness of the maximal V -torsion anomalous varieties in V ∩ (B + Tor G ) for which B + ζ is minimal, for some torsion point ζ.
Lemma 3.7. Let V be weak-transverse in G. Let B be an abelian subvariety of G. Then there exist only finitely many torsion points ζ such that V ∩ (B + ζ) has a maximal V -torsion anomalous component for which B + ζ is minimal.
Proof. Let dim G = N . From Lemma 3.6 the closure of all maximal V -torsion anomalous Y i which are components of V ∩ (B + Tor G ) is a proper closed subset of V . In particular, if we consider only those for which B + ζ is minimal, their closure is still a proper closed subset. We write it as the finite union of its irreducible components X 1 ∪ · · · ∪ X R . We now show that the X j are exactly all the maximal V -torsion anomalous components such that B + ζ is minimal, for some ζ ∈ Tor G .
Suppose that X 1 is not a maximal V -torsion anomalous component for which B + ζ is minimal, with ζ ∈ Tor G . Then some of the equidimensional Y i are dense in X 1 , dim X 1 > dim Y i and X 1 is not V -torsion anomalous due to the maximality of the Y i .
By assumption, B + ζ i is minimal for Y i for some ζ i ∈ Tor G . Then X 1 is not contained in any B + ζ, otherwise Y i ⊆ X 1 ⊆ V ∩ (B + ζ) and X 1 would be a V -torsion anomalous variety; this gives a contradiction.
Let H + ζ be the torsion variety (not necessarily proper) of smallest dimension containing X 1 . Then X 1 is weak-transverse in H + ζ, and since X 1 is not V -torsion anomalous
Recall that, the Y i are V -torsion anomalous varieties and use (1) to obtain
Since B +ζ i is minimal for Y i , we see that (B +ζ i ) ⊆ (H +ζ) and thus (B +ζ i −ζ) ⊆ H. Translating every variety by ζ, we obtain that X 1 − ζ is weak-transverse in H and the Y i − ζ are dense in X 1 − ζ and (X 1 − ζ)-torsion anomalous. This contradicts Lemma 3.6 applied to X 1 − ζ in H.
Main ingredients
4.1. Notation. Recall that all varieties are assumed to be defined over the field of algebraic numbers. Let A be an abelian variety; to a symmetric ample line bundle L on A we attach an embedding i L : A ֒→ P m defined by the minimal power of L which is very ample. Heights and degrees corresponding to L are computed via such an embedding. More precisely, the degree of a subvariety of A is the degree of its image under i L ;ĥ =ĥ L is the L-canonical Néron-Tate height of a point in A, and h is the normalized height of a subvariety of A as defined, for instance, in [Phi91] .
Most often we consider products of an elliptic curve E. Then, we denote by O 1 the line bundle on E defined by the neutral element, and by O N the bundle on E N obtained as the tensor product of the pull-backs of O 1 through the N natural projections.
Unless otherwise specified, we compute degrees and heights on E N with respect to O N .
We note that by a result of Masser and Wüstholz in [MW93] Lemma 2.2, every abelian subvariety of E N is defined over a finite extension of k of degree bounded by 3
16N
4 . For this reason we always assume that all abelian subvarieties are defined over k. Up to a field extension of degree two, we also assume that every endomorphism of E is defined over k.
By ≪ we always denote an inequality up to a multiplicative constant depending only on E and N .
Subgroups and torsion varieties. Let B+ζ be an irreducible torsion variety of E
N with codim B = r. We associate B with a morphism ϕ B : E N → E r such that ker ϕ B = B + τ with τ a torsion set of absolutely bounded cardinality (by [MW93] Lemma 1.3) . In turn ϕ B is identified with a matrix in Mat r×N (End(E)) of rank r such that the degree of B is essentially (up to constants depending only on N ) the sum of the squares of the determinants of the minors of ϕ B . By Minkosky's theorem, such a sum is essentially the product of the squares d i of the norms of the rows of the matrix representing ϕ B (see for instance [CVV12] for more details).
In short B + ζ is a component of the torsion variety given as the zero set of forms h 1 , . . . , h r , which are the rows of ϕ B , of degree d i . In addition
We assume to have ordered the h i by increasing degree.
We also recall that, as is well known, we can use Siegel's lemma to complete the matrix defining B to a square invertible matrix; this gives a construction for the orthogonal complement B ⊥ and shows that #(
As remarked in [Via08] , in a product of different elliptic curves an algebraic subgroup is associated with a matrix where the entries corresponding to the nonisogenous factors are all zero.
For this reason our theorems, which we prove in E N for simplicity, hold in products of different elliptic curves as well.
4.3. The Zhang Estimate. We recall the following definition.
Definition 4.1. For a variety V ⊆ A, the essential minimum µ(V ) is the supremum of the reals θ such that the set {x ∈ V (Q) |ĥ(x) ≤ θ} is non-dense in V .
The Bogomolov Conjecture, proved by Ullmo and Zhang in 1998, asserts that the essential minimum µ(Y ) is strictly positive if and only if Y is non-torsion.
From the crucial result in Zhang's proof of the Bogomolov Conjecture (see [Zha98] ) and from the definition of normalized height, we have that for an irreducible subvariety X of an abelian variety:
4.4. The Arithmetic Bézout theorem. The following version of the Arithmetic Bézout theorem is due to Philippon [Phi95] .
Theorem 4.2 (Philippon). Let X and Y be irreducible subvarieties of the projective space P n defined over Q. Let Z 1 , . . . , Z g be the irreducible components of X ∩ Y . Then
where c(n) is a constant depending only on n. 
This theorem is a special case of the main theorem of [CVV12] . For our applications, the lower bound must take into account the degree of B. 
Here k tor = k(A tor ) is the field of definition of all the torsion in A and ω ktor (P, H) is defined in the following way (see Definition 1.12 of [Car09] ):
where V ranges over all proper subvarieties of H defined over k tor , and containing P .
This theorem generalises to abelian varieties a result of Ratazzi in [Rat04] for one elliptic curve. The proof of Ratazzi is inspired to the theorem of Amoroso and Zannier in [AZ00] for algebraic numbers.
The effectivity in the relative Lehmer is not explicitly stated in the theorem of Carrizosa.
2 Using also the effectivity of other results, as for instance the result of Amoroso and Zannier in [AZ00] 3 and of David check that Carrizosa's constant can be made effective. In addition, the complicated descent in her article can be replaced by the simple induction argument presented for tori in [AV12] . An analogous effective method for the relative Lehmer in tori is given by Delsinne, see [Del09] . As a straightforward corollary of Theorem 4.4 we have the following:
Theorem 4.5. Let E be an elliptic curve with CM defined over a field k. Let P be a point of infinite order in E N , and let B + ζ be the torsion variety of minimal dimension containing P , with B an abelian subvariety and ζ a torsion point. Then for every η > 0 there exists a positive constant c 2 depending on E N and η, such thatĥ
We clarify how to obtain this theorem from Theorem 4.4.
We recall that we are assuming all abelian subvarieties to be defined over k, We remark that P − ζ ∈ B. In additionĥ(P ) =ĥ(P − ζ) and [k tor (P ) : k tor ] = [k tor (P − ζ) : k tor ] so we can apply Theorem 4.4 to P − ζ in B.
Let V be the set of all conjugates of P − ζ over k tor . Clearly the zero-dimensional variety V is defined over k tor , and it is properly contained in B. Therefore we can say that
Notice also that, if we take as L the fourth power O N 4 of the bundle corresponding to the canonical embedding, this only introduces a constant in the heights and the degrees.
Finally, it is clear that in the statement of Theorem 4.4 the corrective factor can be replaced by
Notice at last that if B + ζ is the torsion variety of minimal dimension containing P , then P − ζ is not a torsion point modulo all proper abelian subvarieties of B.
Torsion anomalous varieties which are not translates
We let V be a weak-transverse variety in a power of elliptic curves. In this section we prove the finiteness of the maximal V -torsion anomalous varieties which are not translates and have relative codimension one. Note that this theorem holds in any power of elliptic curves, independently if it has or not CM.
Theorem 5.1. Let V ⊆ E N be a weak-transverse variety. Then the maximal Vtorsion anomalous varieties of relative codimension one which are not translates are finitely many. More precisely, let Y be a maximal V -torsion anomalous variety which is not a translate. Assume that Y has relative codimension one in its minimal B + ζ. Then for any η > 0 there exist constants depending only on E N and η such that:
In addition the torsion points ζ belong to a finite set.
Proof. Let Y be a maximal V -torsion anomalous variety which is not a translate. Let B + ζ be minimal for Y . Then Y is a component of V ∩ (B + ζ) with B an abelian variety and ζ a torsion point. In addition codim Y < codim V + codim B.
We prove that deg B is bounded only in terms of V and E N ; we then deduce the bounds for h(Y ) and deg Y . By Lemma 3.4 Y is weak-transverse in B + ζ, and by assumption codim B+ζ Y = 1; therefore Y is transverse in B + ζ. As points are translates and V is not contained in a torsion variety, we have 1 ≤ dim Y < dim V. Applying the Bogomolov estimate Theorem 4.3 to Y in B + ζ we get
. We set r = codim B. Let h 1 , . . . , h r be the forms of increasing degrees d i such that B + ζ is a component of their zero set, as recalled in Section 4.2. Then
We denote 
Combining this with (5) and (3) we obtain
Since r − r 1 = codim V − 1, for η small enough we get
So we have proved that the degree of B is bounded only in terms of V and E N . Since the abelian subvarieties of bounded degree are finitely many, applying Lemma 3.7 we conclude that ζ belongs to a finite set. Finally, the bound on the height of Y is given by (5) and (6)
The bound on the degree is given by Bézout's theorem for the component Y of V ∩ A 0 and (6)
Torsion anomalous points
In this and the following section we prove that, if V is a weak-transverse variety in a power of elliptic curves with CM, then the V -torsion anomalous varieties which are translates are non-dense in V . We now prove that the V -torsion anomalous varieties of dimension zero are non-dense. The proof relies on the Arithmetic Bézout theorem, the Zhang's inequality and on the relative Lehmer, Theorem 4.5. As the last bound is proved only for CM elliptic curves we need this assumption.
Theorem 6.1. Let V ⊆ E N be a weak-transverse variety, where E has CM. Then, the set of maximal V -torsion anomalous points of relative codimension one is a finite set of explicitly bounded height and relative degree.
More precisely, let k be a field of definition for E and let k tor be the field of definition of all torsion points of E N . Let d be the dimension of V . Let Y 0 be a maximal V -torsion anomalous point and let B + ζ be minimal for Y 0 , with dim B = 1. Then
In addition the torsion points ζ have order effectively bounded in Theorem 6.2.
Proof. Let Y 0 be a maximal V -torsion anomalous point, with B + ζ minimal for Y 0 .
By assumption dim B = codim B+ζ Y 0 = 1. We proceed to bound deg B and, in turn, the height of Y 0 and its degree over k tor . To this aim we shall use Theorem 4.5 and the Arithmetic Bézout theorem.
By Section 4.2, the variety B + ζ is a component of the torsion variety defined as the zero set of forms h 1 , . . . , h N −1 of increasing degrees d i and
Consider the torsion variety defined as the zero set of the first d forms h 1 , . . . , h d , and take a connected component A 0 containing B + ζ. Then
By Lemma 3.5, each component of V ∩ (B + ζ) is a component of V ∩ A 0 . All conjugates of Y 0 over k tor (V ) are in V ∩ (B + ζ), so the number of components of
We then apply the Arithmetic Bézout theorem to
. Applying Theorem 4.5 to Y 0 in B + ζ, we obtain that for every positive real η
Combining (9) and (8) we have
Apply now Bézout's theorem to V ∩ A 0 . All the conjugates of Y 0 over k tor (V ) are components of the intersection, so
which gives the last bound in the statement. Substituting (11) back into (10) we have the bound on deg B.
Finally apply the Arithmetic Bézout theorem to
Having bounded deg B, in view of Lemma 3.7, the points ζ belong to a finite set.
Notice that in Theorem 6.1 we have effectively bounded the degree of the abelian variety B, and we applied Lemma 3.7 to prove the finiteness of the points Y 0 in a non effective way. In the following theorem we give a completely effective result. We explicitly bound the degree [k(Y 0 ) : Q] for Y 0 not a torsion point; this, together with the bound forĥ(Y 0 ) in Theorem 6.1, allows to effectively find all Vtorsion anomalous points of relative codimension one which are not torsion points. The effectivity of this result is relevant for the applications to the Mordell-Lang Conjecture shown in Section 2.
Theorem 6.2. Let V be a weak-transverse variety in E N , where E has CM. Let k be a field of definition for E. Let d be the dimension of V . Let Y 0 be a maximal V -torsion anomalous point which is not a torsion point, and let B + ζ be minimal for Y 0 with dim B = 1. Then
In addition the torsion points ζ can be chosen with
and order bounded by
N 2 +η . Finally let S be the number of maximal V -torsion anomalous points of relative codimension one. Then
where
Proof. In view of Theorem 6.1, we know that deg B andĥ(Y 0 ) are bounded. We
To this aim we need to construct an algebraic subgroup G of codimension d defined over k, containing Y 0 and of controlled degree. In order to do this we use Siegel's lemma in a similar way as in [Via03] , Proposition 3, which in turn follows the work [BMZ99] of Bombieri, Masser and Zannier in tori. Here we use Siegel's lemma directly on equations with coefficients in the endomorphism ring of E.
We notice that End(E) is an order in an imaginary quadratic field L with ring of integers O. The coordinates of Y 0 = (x 1 , . . . , x N ) generate an O-module Γ of rank one. The torsion submodule of Γ is well known; for instance in [Via03] , Proposition 2 we find a description for it. Such a torsion module is clearly O invariant. As a Z-module it is generated by two points T, τ T of exact orders R, R ′ respectively, where R = c(τ )R ′ and c(τ ) is essentially the real part of τ 2 , so a constant of the problem.
Therefore we can write
for a fixed point of infinite order g in E, with coefficients α i , β i ∈ O such that
We want to find coefficients a i ∈ O such that N i a i x i = 0. This gives a linear system of 2 equations, obtained equating to zero the coefficients of g and T . The system has coefficients in O and N + 1 unknowns: the a i 's and one more unknown for the congruence relation arising from the torsion point.
We use a version of Siegel's lemma over O as stated in [BG06] , Section 2.9, to get d equations with coefficients in O; multiplying them by a constant depending only on E, we may assume that they have coefficients in End(E). Thus they define the sought-for algebraic subgroup G of degree
By the maximality of Y 0 , the point Y 0 is a component of V ∩ G 0 and by Bézout's theorem we get
Using also (13), we obtain
We can now apply Theorem 4.5 to g in E, obtaining for every η > 0 (8), so using also the bounds in Theorem 6.1 we obtain
By a result of Serre in [Ser72] , recalled also in [Via03] , Corollary 3, for R larger than a constant and ϕ the Euler function, we have
In addition
since in general ϕ(x) ≫ η x 1−η and R and R ′ are related by a constant. From this and (16), for η small enough we obtain
We now want to bound the degree of ζ over k and the order of ζ. Let K be the field of definition of B + ζ; we are going to prove that [k(ζ) : K] is absolutely bounded and that
From [Ber87] , we can choose ζ in a complement B
′ of B such that B ∩ B ′ has cardinality bounded only in terms of N . Moreover, we notice that K ⊆ k(ζ): in fact if σ ∈ Gal(k/k(ζ)), then σ(B + ζ) = B + ζ. Now let σ ∈ Gal(k/K) and suppose that σ(ζ) = ζ. Then σ(B + ζ) = B + σ(ζ) = B + ζ, because B is defined over k.
We also notice that K ⊆ k(Y 0 ), otherwise we would have a σ ∈ Gal(k/k) such that σ(Y 0 ) = Y 0 , but σ(B + ζ) = B + ζ. If this were the case, Y 0 would be a component of V ∩ (B + ζ) ∩ σ(B + ζ), against the minimality of B + ζ.
In view of (18), ζ generates an extension of k of bounded degree. By Serre's result mentioned above
We are left to give an explicit bound for the number of maximal V -torsion anomalous points Y 0 of relative codimension one. This is obtained in the following way: we first bound the number of possible subgroups B and possible torsion points ζ such that B + ζ is minimal for some Y 0 . Then we apply Bézout's theorem to every intersection V ∩ (B + ζ).
We already proved in Theorem 6.1 and (19) that if B + ζ is minimal for Y 0 , then deg B and ord(ζ) are bounded.
By Section 4.2, the number of abelian subvarieties B in E N of dimension one and degree at most deg B is ≪ η (deg B)
N +η , for every η > 0. In fact, if B is such a abelian subvariety, consider its associated matrix, as recalled in Section 4.2; it is an (N − 1) × N matrix and we call d i the square of the norm of its i-th row. We let deg B = p 1 e1 · · · p r er be the factorization of deg B into distinct prime factors. Then the number of possible choices for the elements d i is bounded by δ(deg B)
N −1 , where, for a positive integer n, δ(n) counts the number of divisors of n. We notice that, for every η > 0 we have
Now, for every choice of the d i , the number D of (N − 1) × N matrices in which the square of the norm of the i-th row is at most d i is bounded in the following way
So for every η > 0, the number of possible subgroups B is ≪ η (deg B) N +η . As for the point ζ, it is well known that the number of torsion points in E N of order bounded by a constant M is at most M 2N +1 . In fact the number of points of order dividing a positive integer i is i 2N ; so a bound for the number of torsion points of order at most M is given by
Applying Bézout's theorem to every intersection V ∩ (B + ζ), we obtain that for every η > 0 the number S of V -torsion anomalous points of relative codimension one is bounded by
This, combined with Theorem 6.1, (19) and (18), gives the required explicit bounds.
Torsion anomalous translates of positive dimension
We let V be a weak-transverse variety in a power of elliptic curves with CM. In this section we study V -torsion anomalous varieties which are translates of positive dimension. We reduce this case to the zero dimensional case.
First we compare the V -torsion anomalous translates with translates contained in V .
Lemma 7.1. Let V be a weak-transverse subvariety of an abelian variety of dimension N . Let Y be a maximal V -torsion anomalous translate, then Y is a maximal translate contained in V (i.e. Y is not strictly contained in any translate contained in V ).
Proof. Let Y be a maximal V -torsion anomalous translate and suppose that Y is contained in a maximal translate ( (20) codim Y < codim V + codim B.
By (20), we deduce
So H + B + ζ is a proper torsion subvariety of the ambient variety. Moreover
By (20) and (21), we deduce
This implies that H + p is a V -torsion anomalous translate, against the maximality of Y .
The following lemma is a straightforward corollary of the result proved by Patrice Philippon in the Appendix A. It relates the essential minimum of a translate to the height of the point of translation. 
To obtain the other inequality, consider a set of points of the form x i + Y 0 with x i ∈ H, which is dense in H + Y 0 . By the Lemma of Philippon in the Appendix A, we getĥ(
We now state our main theorem for V -torsion anomalous translates. Let H + Y 0 be a maximal V -torsion anomalous translate of relative codimension one. The idea is to apply the functorial Lehmer-type bound by Carrizosa to the point Y 0 in the complement H ⊥ of H, so that the problem becomes zero dimensional. We then apply the Arithmetic Bézout theorem to H + Y 0 in the usual way. The link between µ(Y 0 ) and µ(H + Y 0 ) is then given by Lemma 7.2. Theorem 7.3. Let V be a weak-transverse subvariety of E N , where E has CM. Then the set of V -torsion anomalous translates of relative codimension one is a finite set of explicitly bounded normalized height and degree.
More precisely, let k be a field of definition for E and let k tor be the field of definition of all torsion points of E N . Let H + p be a maximal V -torsion anomalous translate of relative codimension one. Let B + ζ be minimal for H + p. Then, for every real positive η there exist constants depending only on E N and η, such that
+η .
In addition the points ζ belong to a finite set (of cardinality absolutely bounded in Theorem 7.5).
Proof. As we remarked in Section 4.6, we can assume all abelian subvarieties of E N to be defined over k.
Let Y 0 be a point in the orthogonal complement H ⊥ of H, such that
We are going to use the Arithmetic Bézout theorem to find an upper bound for µ(H + Y 0 ) and Theorem 4.5 to find a lower bound. Let r be the codimension of B. The variety B + ζ is a component of the torsion variety given by the zero set of the forms h 1 , . . . , h r of increasing degrees d i and
Note that H + Y 0 is contained in V and, by assumption, it has relative codimension one. Thus codim V < codim H = r + 1. Denote 
We apply the Arithmetic Bézout theorem to H + Y 0 in V ∩ A 0 and we obtain
and estimating the components we have
By the Zhang's inequality, (22) and (25), we deduce We also notice that
Hence the number of conjugates of Y 0 over k tor is at most #(H ∩ H ′ ).
For the lower bound for µ(Y 0 ), the proof follows the case of dimension zero. In particular applying Theorem 4.5 to Y 0 in H ′ + ζ we get that, for every positive real η
Combining (26), (27) and (28) we get
Notice that, by the definition of H ′ , B = H + H ′ and
Thus, possibly changing η, we have
We now want to remove the dependence on #(H ∩ H ′ ) and [k tor (H + Y 0 ) : k tor ] and bound the degree of the translate H + Y 0 .
We first apply Bézout's theorem to the intersection V ∩ A 0 , obtaining:
and estimating the components we obtain
We remarked that
This and (33) give
Substituting in (31) we get
Then, using (32) and replacing (34) we have
Finally, from (24) and (34) we obtain
Since we have bounded deg B, we can conclude from Lemma 3.7 that the points ζ belong to a finite set.
In the proof we bounded the degree of H + Y 0 using Bézout's theorem, and we obtained a bound depending on deg V and h(V ). The dependence on h(V ) may be removed with a different argument.
Let H+p ⊆ V be a translate which is maximal with respect to the inclusion among all such translates. Bombieri and Zannier in [BZ96] , Lemma 2, proved that only finitely many such abelian subvarieties H can occur. More precisely the maximal translates contained in V have degree bounded only in terms of the degree and the dimension of V . As a corollary of their proof we obtain the following lemma. Using this lemma we obtain a bound which is more uniform, though the dependence on deg V shows a bigger exponent.
As remarked for the zero dimensional case, in Theorem 7.3 we proved finiteness using the non effective Lemma 3.7. We now give a completely effective result which is the analogous of Theorem 6.2 in positive dimension. We bound the degrees of the fields of definition of the translates H + p and of the torsion points ζ.
Theorem 7.5. Let V be a weak-transverse subvariety of E N , where E has CM. Let k be a field of definition for E. Let H + p be a maximal V -torsion anomalous translate of relative codimension one, and let B + ζ be minimal for H + p. Set r = codim B; then the field k(H + p) of definition of H + p has degree bounded by
Moreover the torsion points ζ can be chosen so that
Proof. We keep all the notations and definitions used in Theorem 7.3. Of course
because we are assuming all abelian subvarieties of E N to be defined over k. The bound on the degree [k(Y 0 ) : k] is obtained following the same idea of Theorem 6.2: since H ′ has dimension one, the group generated by the coordinates of Y 0 is an End(E)-module of rank one. We can apply Siegel's lemma in a similar way to the zero-dimensional case, where we use the estimate (26) for the height of Y 0 . In this case, however, we want to find an algebraic subgroup G of dimension 2, containing Y 0 , and contained in H ⊥ .
We know that End(E) is an order in an imaginary quadratic field L. Let λ 1 , . . . , λ N −r−1 be linear forms which give equations for H ⊥ , and define
where (l ij ) j is the vector of coefficients of the form λ i . We now follow the steps of the proof of Theorem 6.2 and apply Siegel's lemma to obtain r−1 independent solutions which are also orthogonal to the vectors of coefficients of λ 1 , . . . , λ N −r−1 ; this time, in addition to the two equations of Theorem 6.1, we have also one equation for each of the λ i , for a total of N − r + 1 equations in N + 1 unknowns (N coefficients and one for the torsion point). These r−1 vectors give r−1 linear forms which, together with the λ 1 , . . . , λ N −r−1 , provide the N − 2 equations needed to define G.
The bounds provided by Siegel's lemma give
Now that we have found G, we first show that H+Y 0 is a component of V ∩(H+G): indeed dim(H + G) = dim B + 1, because G ⊆ H ⊥ has dimension 2; therefore any component of the intersection V ∩ (H + G) with dimension greater than dim H is anomalous. But H + Y 0 is clearly contained in V ∩ (H + G) and, by the maximality of H + Y 0 , it is not contained in any V -anomalous subvariety of greater dimension; hence it is itself a component of V ∩ (H + G) and so are all its conjugates over k(V ).
Applying Bézout's theorem to V ∩ (H + G) we get
and this gives the desired bound.
Substituting (35) in (36), and using all the bounds from Theorem 7.3 we obtain N 2 +η and therefore belong to an explicit finite set. Finally, the set of all possible translates H + p has cardinality S bounded by
Proof of Theorem 1.3
We now give the proof of Theorem 1.3, restated here for clarity.
Theorem 8.1. Let V be a weak-transverse variety in an abelian variety A with CM. Let g be the maximal dimension of a simple factor of A. If codim V ≥ g + 1, then the maximal V -torsion anomalous varieties of relative codimension 1 are finitely many and they have degree and normalised height effectively bounded.
Proof. Let X be a maximal V -torsion anomalous variety of relative codimension 1 and let B + ζ be minimal for X. Then X is a component of the intersection V ∩ (B + ζ) and codim V > dim B − dim X = 1. Since codim V ≥ g + 1 by the hypothesis and dim V ≥ dim X + 1 = dim B, then codim B ≥ g + 1. From Section 4.2, B + ζ is a component of the torsion variety given by the zero set of r ≥ 2 forms h 1 , . . . , h r of increasing degrees d i and
Notice that one single equation gives codim B ≤ g, since g is the maximal dimension of a simple factor of A. This implies that r ≥ 2.
Denote by A 0 the algebraic subgroup given by h 1 , . . . , h r−1 . Since r ≥ 2, we have 
Moreover by construction dim
and so codim V < g + 1, which contradicts the hypothesis on V .
So X is a component of V ∩ A 0 . The bounds for the normalised height and for the degree of X are now obtained following the proof in the case of elliptic curves. Namely we combine the Zhang inequality, the Arithmetic Bézout theorem, the Bogomolov estimate in Theorem 4.3 and the relative Lehmer estimate in Theorem 4.5. The appendix is here replaced by the general result of Bertrand in [Ber86] .
If X is not a translate, the same argument of Theorem 5.1 applies to show that for any positive real η, there exist constants depending only on A and η such that
If X is a translate, we proceed as in the proofs of Theorem 6.1 if dim X = 0 and of Theorem 7.3 if dim X ≥ 1, obtaining that for any positive real η, there exist constants depending only on A and η such that
Here k is the field of definition for A, k tor is the field of definiton for the torsion points of A and deg X = [k tor (X) : k tor ] when X is a point.
The case of a curve
In this section we extend our method in order to get some further results for curves.
Theorem 9.1. Let C be a weak-transverse curve in E N , where E has CM. Let k be a field of definition for E and denote by k tor the field of definition of all torsion points of E N . Then the set
is a finite set of effectively bounded Néron-Tate height. Here H ranges over all algebraic subgroups of codimension larger than the dimension. More precisely the union can be taken over finitely many algebraic subgroups
the H i are algebraic subgroups with dim H < codim H, and for any real η > 0, there exist constants depending only on E N and η such that
2 +η , and the cardinality of the points in S(C) which are not torsion points is bounded as
Proof. We notice that the set of all torsion points in C is finite and has cardinality bounded by the effective Manin-Mumford Conjecture. From now on, we will be concerned with points in S(C) that are not torsion. Clearly all the points in the intersection C ∩ (∪ codim H>dim H H) are C-torsion anomalous. In addition since C is a weak-transverse curve each torsion anomalous point is maximal.
Let Y 0 ∈ S(C) be a non-torsion point; then Y 0 ∈ C ∩ H, with H the minimal subgroup containing Y 0 with respect to the inclusion, and let r = codim H.
Let also B + ζ be a component of H containing Y 0 . Clearly dim B = dim H and Y 0 ∈ C ∩ (B + ζ) with B + ζ minimal for Y 0 ; as done several times, we can also choose the torsion point ζ in the orthogonal complement of B.
Notice that (42) deg H ≤ (deg B)ord(ζ).
In fact B + ζ is an algebraic subgroup of dimension equal to dim H, it contains Y 0 and it is contained in H; thus B + ζ = H, by the minimality of H.
The proof now follows the lines of the proofs of Theorems 6.1 and 6.2. We proceed to bound deg B and, in turn, the height of Y 0 , using Theorem 4.5 and the Arithmetic Bézout theorem. Then, using Siegel's lemma, we get a bound for [k(Y 0 ) : k] and for the order and the number of torsion points ζ, providing also a bound for deg H.
Recall that we have r = codim B = codim H.
We first exclude the case r = 1 and show that the case N − r = 1 is covered by Theorems 6.1 and 6.2. If r = 1 then dim B < codim B implies dim B = 0 and N = dim B + codim B = 1 contradicting the weak-transversality of C.
The case N − r = 1 corresponds to dim B = 1 and Y 0 of relative codimension one, that can be treated with Theorems 6.1 and 6.2.
Thus we can assume r > N − r ≥ 2. Moreover 2r > N , since by assumption codim B > dim B.
As done several times, by Section 4.2, the variety B + ζ is a component of the zero set of forms h 1 , . . . , h r of increasing degrees d i and
Consider the torsion variety defined as the zero set of h 1 , and let A 0 be one of its connected components containing B + ζ. Then : k] only in terms of C and E N . We use Siegel's lemma to construct an algebraic subgroup G of codimension 1 = dim C defined over k, containing Y 0 and of controlled degree. The construction is exactly as in [Via03] Propositions 3 and 4. We present the steps of the proof.
We know that End(E) is an order in an imaginary quadratic field L with ring of integers O. By minimality of B + ζ, the coordinates of Y 0 = (x 1 , . . . , x N ) generate an O-module Γ of rank equal to the dimension of B + ζ which is N − r. Let g 1 , . . . , g N −r be generators of the free part of Γ which give the successive minima, and are chosen as in [Via03] , Proposition 2. Thenĥ( j α j g j ) ≫ i |N L (α j )|ĥ(g j ) for coefficients α j in O. In addition, like in the case of relative codimension one, the torsion part is generated by a torsion point T of exact order R.
Therefore we can write x i = j α i,j g j + β i T with coefficients α i , β i ∈ O and
As in Proposition 2 of [Via03] , we have
We define ν j = (α 1,j , . . . , α N,j ) and
We want to find coefficients a i ∈ O such that N i a i x i = 0. This gives a linear system of N − r + 1 equations, obtained equating to zero the coefficients of g j and of T . The system has coefficients in O and N + 1 unknowns: the a i 's and one more unknown for the congruence relation arising from the torsion point.
We use the Siegel's lemma over O as stated in [BG06] , Section 2.9. We get one equation with coefficients in O; multiplying it by a constant depending only on E we may assume that it has coefficients in End(E). Thus it defines the sought-for algebraic subgroup G of degree and combining this with the previous results we obtain the bounds.
Finally we notice that we have bounded the degree deg H for H of fixed codimension r; letting r vary this proves that the subgroups H can be taken in a finite set {H 1 , . . . , H M }. A bound for M can be given effectively, as done in the proof of Theorem 6.2.
In Theorem 9.1 we have stated a simplified version of the bounds forĥ(Y 0 ), [k(Y 0 ) : Q] and S. This has been done for clarity, but a closer inspection of the proof shows that we have proved the following, sharper bounds. .
